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Abstract
The correction of Hawking temperature of Schwarzschild-de Sitter (SdS) black
hole is investigated using the generalized Klein-Gordon equation and the generalized
Dirac equation by taking the quantum gravity effects into account. We derive the
corrected Hawking temperatures for scalar particles and fermions crossing the event
horizon. The quantum gravity effects prevent the rise of temperature in the SdS black
hole. Besides correction of Hawking temperature, the Hawking radiation of SdS black
hole is also investigated using massive particles tunneling method. By considering
self gravitation effect of the emitted particles and the space time background to
be dynamical, it is also shown that the tunneling rate is related to the change of
Bekenstein-Hawking entropy and small correction term (1+2βm2). If the energy and
the angular momentum are taken to be conserved, the derived emission spectrum
deviates from the pure thermal spectrum. This result gives a correction to the
Hawking radiation and is also in agreement with the result of Parikh and Wilczek.
Key-words: Schwarzschild-de Sitter solution; Generalized Klein-Gordon equation;
Generalized Dirac equation.
1. Introduction
Hawking showed that black hole radiates like a black body radiation [1-2]. After
that different methods have been proposed for deriving Hawking radiation. Parikh and
Wilczek [3] investigated the tunneling behavior of massless scalar particles by considering
the background variation in black hole evaporation, which is known as null geodesic
method. Later, Angheben et al. [4] investigated the Hawking radiation as tunneling by
using Hamilton-Jacobi method and WKB approximation. The importance of applying
Hamilton-Jacobi method is using WKB approximation and Feynman prescription to
calculate the imaginary part of the action for the tunneling process. Following this
method, many works have been done [5-9]. Recently, tunneling of Dirac particle through
the event horizon was investigated by Kerner and Mann for the Rindler space time and
general rotating black hole space time. In this process, using Pauli Sigma matrices and
substituting appropriate wave function into Dirac equation, the action of the radiant
Dirac particle can be obtained which, in turn, is related to the Boltzmann factor for
emission at Hawking temperature according to semiclassical WKB approximation [10].
Using their method, the Hawking temperatures were obtained for fermions tunneling
complicated black hole space times [11-14]
The different theories of quantum gravity such as string theory, loop quantum gravity
and quantum geometry prove the existence of a minimal length [15-19]. This minimal
1
length can be obtained using generalized uncertainty principle (GUP) through modified
commutation relation. The fundamental commutation relation must be modified so as
to derive GUP. There are two modified commutation relations. Firstly, Kempt et al.
[20] put forward the expression of GUP as ∆x∆p ≥ h¯2 [1 + β(∆p)2], where β = β0
ℓ2p
h¯2
.
β0 < 10
5 and ℓp are dimensionless parameter and the Plank length respectively. The
modified commutation relation is defined by [xa, pb] = ih¯δab[1 + βp
2], where xa and pb
are the position and momentum operators. Also xa and pb are defined by xa = x0a
and pb = p0b[1 + βp
2]. x0a and p0b should satisfy the canonical commutation relations
[x0a, p0b] = ih¯δab. Secondly, Das, et al. [21-22] extended the GUP based on doubly
special relativity known as DSR-GUP.
Applying modified form of GUP, Majhi and Vagenas [23] investigated the Unruh
effect. Based on the modification, Kim et al. [24] and Xiang et al. [25] discussed
black hole thermodynamics and the tunneling rate was investigated in [26-27]. The
creation of scalar particle pairs by an electric field in the presence of a minimal length
was investigated by Haouat and Nouicer [28]. Taking the quantum gravity into account
influenced by DSR-GUP and Parikh-Wilczek tunneling method, Nozari and Saghafi [29]
investigated the radiation of massless scalar particles in the schwarzschild black hole.
Recently, Chen et al. [30] studied the fermion tunneling effect for the Schwarzschild
black hole using the generalized Dirac equation. They showed the remnant in black hole
evaporation is ≥ Mp
β0
, where Mp is the Plank mass. Following their works, more fruitful
results have been obtained [31-35].
The aim of this paper is to investigate the tunneling behavior of scalar particles and
fermions across the black hole event horizon of a SdS black hole taking the quantum
gravity effects into account. Using generalized Klein-Gordon equation and generalized
Dirac equation, the corrections of Hawking temperature are recovered. By taking space
time background to be dynamical and self-gravitational effect into account, we show that
the tunneling of scalar particles is related to the change of Bekenstein-Hawking entropy
and the term (1 + 2βm2), where m is the mass of the particle.
The organization of this paper is as follows. In Sect. 2, by considering the quantum
gravity effect into account, the correction to the Hawking temperature of SdS black hole
is studied using generalized Klein-Gordon equation and WKB approximation. In Sect.
3, applying modified Dirac equation, the tunneling radiation of fermions in the SdS black
hole is discussed. Section 4 is the conclusion of our paper.
2. Schwarzschild-de Sitter black hole and tunneling of scalar particles.
The line element describing Schwarzschild-de Sitter black hole in Boyer-Lindguist coor-
dinates [8] is given by
ds2 = −
(
1− 2M
r
− r
2
ℓ2
)
dt2 +
(
1− 2M
r
− r
2
ℓ2
)
dr2 + r2(dθ2 + r2 sin2 θdφ2), (1)
where ℓ2 = 3Λ and M is the mass of the black hole. As ℓ tends to infinity, then the
Eq. (1) represents Schwarzschild black hole and the space time metric is type D in the
Petrov classification. At the large value of r, the given metric becomes dS space, in such
case the space time metric is conformally flat. Also the given metric will represent anti
2
SdS black hole if −ℓ2 is replaced by ℓ2. The SdS black hole has real positive singularity
when 1
ℓ2r
(r − rh)(r − rc)(r− − r) = 0. The locations of the event horizon, rh and the
cosmological horizon, rc are given by
rh =
2M√
3Ξ
cos
π +Φ
3
,
rc =
2M√
3Ξ
cos
π − Φ
3
, (2)
where Φ = cos−1(3
√
3Ξ) and Ξ = M
2
ℓ2
. Expanding the event horizon in terms of mass of
the black hole with Φ < 127 , we get
rh = 2M(1 +
4M2
ℓ2
+ · · ·)· (3)
In order to study particle tunneling from the SdS black hole near the event horizon, the
SdS metric can be written as
ds2 = −F (r)dt2 + 1
G(r)
dr2 + gθθdθ
2 + gφφdφ
2, (4)
where F (r) = G(r) =
∆,r(rh)(r−rh)
r2
and ∆,r(rh) = 2(rh−M − 2r
3
h
ℓ2
). The generalized form
of Klein-Gordon equation is given by [31]
−(ih¯)2∂t∂tΨ =
[
(ih¯)2∂t∂t +m
2
]{
1− 2β
[
(ih¯)2∂t∂t +m
2
]}
Ψ. (5)
For studying the equation of motion, the wave function of the scalar particle can be taken
as
Ψ = exp
[ i
h¯
I(t, r, θ, φ)
]
. (6)
Using Eqs. (4) and (6) in Eq. (5), we get
1
F
(∂tI)
2 =
[
G(∂rI)
2 +
1
r2
(∂θI)
2 +
1
r2 sin2 θ
(∂φ)
2 +m2
]
×
{
1− 2β
[
G(∂rI)
2 +
1
r2
(∂θI)
2 +
1
r2 sin2 θ
(∂φ)
2 +m2
]
. (7)
It is very difficult to solve Eq. (7) because it contains the variables t, r, θ, φ. For studying
Hawking radiation near the black hole by taking quantum gravity effect into account,
the action I can be taken as
I = −ωt+R(r) +W (θ, φ), (8)
where ω is the energy of the emitted scalar particle. We assume that the particle tunnels
along the radial direction, then we get
1
r2
(∂θW )
2 +
1
r2 sin2 θ
(∂φW )
2 = e. (9)
In the above equation, e is a constant and can be made as zero. Then Eq. (7) becomes
a biquadratic equation as follow
a(∂rR)
4 + b(∂rR)
2 + c = 0, (10)
3
where
a = −2βG2(r),
b = G(1− 4βe− 4βm2),
c = m2 + e− 2βe2 − 4βem2 − 2βm4 − ω
2
F (r)
. (11)
We assume that b2 − 4ac = G2(1− 8β ω2
F (r)) > 0. Eq. (10) has four roots. The two roots
having physical meaning at the event horizon of black are given by
R± = ±
∫
1√
FG
√
ω2 −m2F + 2βm4F
[
1 + 2βm2
]
dr,
=
4iπM2ω(1 + 4M
2
ℓ2
+ · · ·)2
[2M(1 + 4M
2
ℓ2
+ · · ·)−M − 16M2
ℓ2
(1 + 4M
2
ℓ2
+ · · ·)3] (1 + 2βm
2). (12)
Then the imaginary part of the action can be written as
ImR = ±4πMω(1 +
8M2
ℓ2
)
(1− 8M2
ℓ2
)
(1 + 2βm2), (13)
where the terms Mn for n ≥ 5 is neglected. Also ± sign represents outgoing/ingoing
wave and F = G =
∆,r(rh)(r−rh)
r2
. The tunneling rate of the scalar particles crossing the
black hole event horizon is
Γ =
P(emission)
P(absorbtion)
=
exp(−ImI+)
exp(−ImI−)
=
exp(−ImR+ − ImW )
exp(−ImR− − ImW )
= exp
[
− 8πMω(1 +
8M2
ℓ2
)
(1− 8M2
ℓ2
)
(1 + 2βm2)
]
. (14)
The Boltzmann factor with Hawking temperature is given by
T =
(1− 8M2
ℓ2
)
8πMω(1 + 8M
2
ℓ2
)(1 + 2βm2)
=
T0
(1 + 2βm2)
, (15)
where T0 =
(1− 8M
2
ℓ2
)
8πMω(1+ 8M
2
ℓ2
)
is the original Hawking temperature of SdS black hole. It
indicates that the correction of Hawking temperature can be observed for the small
value of β. From the direct calculation, the corrected value of Hawking temperature
depend on the mass of the black hole and mass of the emitted scalar particles but not
explicitly on the energy of the emitted particles. It is also observed that the corrected
Hawking temperature under the consideration of quantum gravity effect is lower than
the original one. This implies that the quantum gravity effect will slow down the rise of
Hawking temperature of SdS black hole.
If the small term 2βm
4F
ω2
is neglected in the roots of Eq. (10), then Eq. (12) can be
written as
R = ±
∫
1√
FG
√
ω2 −m2F + 2βm4F
[
1 + β(m2 +
ω2
F
)
]
dr. (16)
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Then the imaginary part of Eq. (13) can be expressed as follows
ImR = ±4πMω(1 +
8M2
ℓ2
)
(1− 8M2
ℓ2
)
[
1 + β
{
m2 +
4ω2(1 + 12M
2
ℓ2
)(1 − 8M2
ℓ2
)
(1− 16M2
ℓ2
)(1 + 8M
2
ℓ2
)
}]
. (17)
Similarly, the corrected Hawking temperature (15) can be written as
T =
(1− 8M2
ℓ2
)
8πMω(1 + 8M
2
ℓ2
)(1 + βK)
=
T0
(1 + βK)
, (18)
where K = m2 + 4ω
2(1+12M2ℓ−2)(1−8M2ℓ−2)
(1−16M4ℓ−2)(1+8M2ℓ−2) . In such case the corrected Hawking tem-
perature not only depend on the mass of the black hole, mass of the emitted scalar
particle but also energy of the emitted particles. When ℓ −→∞, i.e Λ = 0, our result is
agreement with the result of Wang et al. [31].
Since we know that the SdS space time is dynamic. By fixing ADM mass of the total
space time, the mass of the SdS is allowed to fluctuate. If a particle tunnels out with
energy, then the mass of the SdS black hole changed into M − ω. We also observe that
the angular velocity of a particle near the horizon and the angular momentum are zero.
The self gravitational interaction is taken into account, the imaginary part of Eq. (17)
can be expressed in the following integral form
ImpR = −4π
∫ M−ω
M
(M − ω′)(1 + 8(M−ω′)2
ℓ2
)
(1− 8(M−ω′)2
ℓ2
)
(1 + 2βm2)dω′. (19)
The tunneling rate of SdS black hole is given by
Γ ∼ exp[∆SBH(1 + 2βm2)] = exp[π(r2i − r2j )(1 + 2βm2)], (20)
where ri =
√
2(M − ω)
(
1 + 4(M−ω)
2
ℓ2
)
and rj =
√
2M(1 + 4M
2
ℓ2
) denote the location of
event horizon before and after the emission of the particles from the SdS black hole and
∆SBH = ∆SBH(M − ω) −∆SBH(M) is the change of Bekenstein-Hawking entropy. If
β = 0, our work is in accordance with the result of Rahman and Hossain [8]. When ℓ
tends to infinity, the pure thermal spectrum of Schwarzschild black hole can be obtained
from Eq. (20) as
Γ ∼ exp[∆SBH(1 + 2βm2)] = exp[−8πω(M − ω
2
)(1 + 2βm2)], (21)
If we set β = 0, Eq. (21) is consistent with the result of Parikh and Wilczek [3].
3. Tunneling of fermions. For the study of Hawking radiation by taking quantum
gravity effects into account, the main problem is to calculate the imaginary part of the
action. The Dirac equation in generalized form can be written as
[
iγ0∂0 + iγ
i∂i(1− βm2) + iβh¯2γi(∂i∂i)∂i + m
h¯
(1− βm2 + βh¯2∂i∂i)
+iγµΩµ(1− βm2 + βh¯2∂i∂i)
]
Ψ = 0, (22)
5
where m is the mass of the fermion and Ωµ =
i
2ω
ab
µ Σab, ω
ab
µ is the spin co-efficient defined
by tetrad eλb
ωaµ b = e
a
νe
λ
bΓ
ν
νµ − eλb ∂µeaλ,
Σab =
i
4
[γa, γb], {γa, γb} = 2gab. (23)
For this SdS black hole, the component of the γµ matrices in spherical coordinate system
are defined as
γt =
1√
F (r)
(
i 0
0 −i
)
,
γr =
√
G(r)
(
0 σ3
σ3 0
)
,
γθ =
1√
gθθ
(
0 σ1
σ1 0
)
,
γφ =
1√
gφφ
(
0 σ2
σ2 0
)
, (24)
where σj(j = 1, 2, 3)’s are the Pauli Sigma matrices. The importance of solving Dirac
equation is to find the imaginary part of of the action of the radiant fermion that, in
turn, is related to the Boltzmann factor of emission in accordance with the semi classical
WKB approximation. For spin up particles, the wave function is defined by
Ψ =


0
X
0
Y

 exp
[ i
h¯
I(t, r, θ, φ)
]
, (25)
where X, Y and I are functions of coordinates t, r, θ, φ and I is the action of the emitted
fermion. In this paper, we will consider spin up case since it is equal to spin down case
with some change in sign. Dirac equation can be decoupled only for stationary space
time [36] or in the spherically symmetric Vaidya-Bonner black hole [37]. Using Eqs [1],
[24], [25] in Eq. [22], the final decoupled equations are obtained as
−iX 1√
F
∂tI − Y (1− βm2)
√
G∂rI −Xmβ
[
G(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2
]
+Y β
√
G∂rI
[
G(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2
]
+Xm(1− βm2) = 0 (26)
iY
1√
F
∂tI −X(1− βm2)
√
G∂rI − Y mβ
[
G(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2
]
+Xβ
√
G∂rI
[
G(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2
]
+ Y m(1− βm2) = 0 (27)
X{−(1 − βm2)
√
gθθ∂θI + β
√
gθθ∂θI[G(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2]
6
−i(1− βm2)
√
gφφ∂φI + iβ
√
gφφ∂φI[G(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2]} = 0
(28)
Y {−(1− βm2)
√
gθθ∂θI + β
√
gθθ∂θI[G(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2]
−i(1− βm2)
√
gφφ∂φI + iβ
√
gφφ∂φI[G(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2]} = 0.
(29)
In the stationary space time, SdS has time like Killing vector ∂
∂t
. In order to obtain
radial action, the separation of variables can be performed as
I = −ωt+W (r) + Θ(θ, φ), (30)
where ω is the energy of the emitted fermion. Using Eq (30) into the Eqs. (28) and (29),
we get identical equations after eliminating X and Y as follows
(
1
r
∂θΘ+ i
1
r sin θ
∂φΘ)
×[βG(∂rW )2 + β 1
r
(∂θΘ)
2 + β
1
r2 sin2 θ
(∂φΘ)
2 − (1− βm2)] = 0. (31)
We know that β is a small quantity as it represents the effect of quantum gravity. In the
above equation, the term inside the square brackets can not be equal to zero. From this,
we get
1
r
∂θΘ+ i
1
r sin θ
∂φΘ = 0, (32)
which gives a complex function (or constant) solution of Θ. It may give rise to a contri-
bution to imaginary part but has no contribution to the tunneling rate. So we can ignore
it. Here gθθ = r−2 andgφφ = r−2(sin θ)−2, then we get r−2∂θΘ+ = r
−2(sin θ)−2∂φΘ = 0.
Now our aim is to solve the first two equations which can determine the Hawking radia-
tion of the SdS black hole at the event horizon. Using Eq. (32) into Eqs. (26) and (27)
and canceling X and Y , a polynomial of order six is obtained as
L6(∂rW )
6 + L4(∂rW )
4 + L2(∂rW )
2 + L0 = 0, (33)
where
L6 = β
2G3F,
L4 = βG
2F (m2β + 2βH − 2),
L2 = GF [(1− βm2)2 + β(2m4 − 2H − 2m4β + βH2)],
L0 = −m2(1− βm2 − βH)2F − ω2,
H =
1
r
∂θΘ+ i
1
r sin θ
∂φΘ. (34)
Using Eq. (32), we have H = 0 and also ignoring higher order terms of β, Eqs. (33)
and (34) can be written as
L4(∂rW )
4 + L2(∂rW )
2 + L0 = 0, (35)
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where
L4 = −2βG2F,
L2 = GF,
L0 = −ω2 −m2F (1− 2βm2). (36)
Eq. (35) has four roots. Solving the roots having physical meaning at the black hole
event horizon
W± = ±
∫
1√
FG
√
ω2 +m2F
[
1 + β(m2 +
ω2
F
)
]
dr,
= ± 4iπM
2ω(1 + 4M
2
ℓ2
+ · · ·)2
[2M(1 + 4M
2
ℓ2
+ · · ·)−M − 16M2
ℓ2
(1 + 4M
2
ℓ2
+ · · ·)3] [1
+β{m2 + (1 +
4M2
ℓ2
+ · · ·)
[2M(1 + 4M
2
ℓ2
+ · · ·)−M − 16M2
ℓ2
(1 + 4M
2
ℓ2
+ · · ·)3]}], (37)
where +(−) indicate the outgoing (ingoing) solution. Neglecting the terms ≤ M5
and applying WKB approximation, the tunneling rate of the fermions crossing the black
hole event horizon is recovered as
T =
(1− 8M2
ℓ2
)
8πMω(1 + 8M
2
ℓ2
)(1 + βK)
=
T0
(1 + βK)
, (38)
where K = m2 + 4ω
2(1+12M2ℓ−2)(1−8M2ℓ−2)
(1−16M4ℓ−2)(1+8M2ℓ−2) . From above equation, T0 =
(1−8M2ℓ−2)
8πM(1+8M2ℓ−2)
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Figure 1: Variations of the corrected Hawking temperatures with the masses of the
emitted scalar particles and fermions (in arbitrary units) for SdS black hole
is the original Hawking temperature of SdS black hole in the absence of quantum gravity
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effect. Eq. (38) indicates that the corrected Hawking temperature is lower than the stan-
dard one. Due to quantum gravity effect, a small correction to the Hawking temperature
is produced during black hole evaporation. It shows that the quantum gravity effects
slow down the increase of the Hawking radiation temperature. The corrected Hawking
temperature not only depends on the black hole mass but also on the mass and energy
of the emitted fermion.
4. Discussion and Conclusion
The corrections to the Hawking temperatures of the scalar particles and the fermions
for the SdS black hole are studied using the generalized Klein-Gordon equation and
the generalized Dirac equation repectively. The variations of the corrected Hawking
temperatures with the mass’s of the scalar particles and fermions are as shown in Fig.
1. For the scalar particles by direct calculation, the corrected Hawking temperature
depends on the mass of the black hole and mass of the emitted particle only but not
explicitly on the energy of the emitted particle. Neglecting a small term in the roots of
biquadratic equation and WKB approximation, the modified temperature depends not
only on the mass of the black hole but also on the energy of the emitted particle. The
tunneling rate near the black hole event horizon is related to the Bekenstein-Hawking
entropy and a small term (1 + 2βm2). If β = 0 and ℓ −→ 0, the SdS black hole hole
becomes Schwarzschild black hole. In such case, the locations of the black hole event
horizon of the Schwarzschild black hole before and after the emission of the particle with
energy ω are ri = 2M and rj = 2(M − ω) respectively. From Eq. (21), the tunneling
rate of the Schwarzschild black hole can be expressed as
Γ ∼ exp[∆SBH ] = exp[−8πω(M − ω
2
)].
Our result is fully consistent with the result of Parikh and Wilczek [3].
In both the cases of tunneling of scalar particles and fermions, the corrected Hawking
temperatures lower the original Hawking temperature showing that the quantum gravity
effects slow down the rise of Hawking temperature of SdS black hole.
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